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The radiative transfer equation is solved by the S-N discrete ordinates method in the two-dimensional r-z
coordinates system. The walls of the enclosure are diffuse, and the participating medium absorbs, emits, and
anisotropically scatters the radiative energy. Diffuse wall incidence, isothermal medium emission, and collimated
incidence problems are considered. Effects of the scattering phase functions on average incident radiation and
net radiative heat fluxes are studied. In addition, the effects of scattering albedo, optical thickness, and the wall

emissivity are briefly discussed.

Nomenclature

A, A, = east and west control volume surface
areas, m?

a = aspect ratio (H/R)

aa, bb, cc = spatial differencing weights

B,, B, = north and south control volume surface
areas, m®

G = expansion coefficients of the phase function

E = emissive power, kW/m?

G = normalized average incident radiation

H = half of the cylinder height, m

I = radiative intensity, kW/(m2-sr)

M = total number of ordinate directions

MR, MZ = number of grid points in r and z directions

N = order of the S-N approximation

NN + 1 = number of terms in a phase function
expansion

P(cos ¢) = Legendre polynomial of order j

0 = normalized radiative heat flux

R = cylinder radius, m

r, z = coordinates, m

S = source function, kW/(m?-sr)

v, = volume of a control volume, m3

B = extinction coefficient, m~!

8(Q, — Q) = Dirac delta function

€ = emissivity

[T = direction cosine in r, z, and ¢ directions

o = scattering coefficient, m~!

T = optical thickness (Br or Bz)

d(Q'; Q) = phase function

b, 0 = azimuthal and polar angles

© = scattering angle
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Q = ordinate direction (u, &, 7)
® = scattering albedo (o/8)
Subscripts

b = blackbody

c = collimated

m = angular azimuthal index

r = center of the control volume

Introduction

HE two-dimensional r-z radiative transfer equation is
solved by the S-N discrete ordinates method for a finite
cylinder. The medium enclosed by the cylinder is gray, and
it absorbs, emits, and anisotropically scatters the radiative
energy. The system geometry for the cylinder of radius R and
height 2H is illustrated in Fig. 1. The side wall (r = R), the
bottom wall (z = 0), and the top wall (z = 2H) are gray,
isothermal, and diffusely emit and reflect the radiative energy.
The centerline (r = 0) is treated as a fictitious, perfectly
specular reflecting boundary. A normal collimated radiation
beam can be incident at the upper wall of the cylinder, while
maintaining the symmetry required for two-dimensional r-z
solutions. Although the code developed for this study is more
flexible, only the results for uniform medium temperature and
properties will be presented in this article. The wall boundary
conditions are also taken to be uniform over each top, bottom,
or side-wall surface. Under these conditions, extending the
height to infinity makes the problem one-dimensional radial.
In a previous work, the radiative transfer equation was
solved by the integral transformation technique and the Fj,
z
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Fig. 1 Coordinate system and cylinder geometry.
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method in one-dimensional radial coordinate system for the
isotropic scattering case with internal heat generation and
diffusely emitting and reflecting surfaces.! The integral form
of the radiative transfer equation for an isotropic scattering
medium in one-dimensional cylindrical coordinates was de-
veloped by Thynell and Ozisik? for an externally incident
radiation and diffuse emitting and reflecting boundaries with
internal source generation. A year later the solution for this
equation was obtained using appropriate expansion func-
tions.*> Results for uniform externally incident radiation and
a parabolic source within the medium were also presented.
Low-order $-N discrete ordinates methods (S-4 and S-6) were
used to solve the radiative transfer equation in one-dimen-
sional cylindrical geometry with anisotropic scattering and
variable properties.*

The discretized form of the radiative transfer equation in
two-dimensional cylindrical geometry was reported by Five-
land.> A low-order S-N discrete ordinates method (S-4) was
used to solve the isotropic scattering equation for two limiting
cases: 1) one-dimensional cylindrical, and 2) one-dimensional
parallel plates. In 1988, Jamaluddin and Smith® developed
two-dimensional radiation codes using $-2 and S-4 discrete
ordinates approximations. A low-order P-N spherical har-
monics approximation results (P-3) for two-dimensional cy-
lindrical system were reported by Mengii¢ and Viskanta’ for
a high temperature, high optical thickness medium with linear
anisotropic scattering phase function. Also in the same year,
Mengiic and Viskanta® published a paper using the delta-
Eddington phase function. Numerical solutions were obtained
using finite difference and finite element schemes.

The source function, flux, and intensity at the boundaries
of a finite two-dimensional cylindrical medium exposed to a
Gaussian beam of radiation were reported by Crosbie and
Dougherty.® The effects of the optical thickness and scattering
albedo were studied for the isotropic scattering case. In 1985,
a normal collimated beam of Bessel function type was also
made incident at the upper surface for linear anisotropic scat-
tering phase function.!® Recently, general three-dimensional
integral formulations of the radiative transfer in scattering
media were presented with sample applications in one-di-
mensional planar and two-dimensional rectangular geome-
tries. 1112

The effect of the phase function was reported to be an
important factor in anisotropic scattering media.>'* The
availability of anisotropic scattering solutions of the radiative
transfer equation is usually restricted to one-dimensional plane
parallel media!>!® and two-dimensional rectangular prob-
lems.**!'* The solutions for two-dimensional cylindrical prob-
lems are few in number and restricted to isotropic or linear
anisotropic scattering media.>-”-1° Therefore, accurate solu-
tions of the radiative transfer equation with more general
anisotropic scattering media are needed.

Since cylindrical geometry is closer to many geometries of
interest than the two-dimensional rectangular geometry, the
code developed for this study can be applied in a variety of
situations where particles of different size, volume concen-
tration, and optical properties are present. Among these are
nuclear reactors safety, combustion chamber performance,
laser beams used for diagnostics, and heat transfer in porous
media.

The radiative transfer equation for the cylindrical problems
is presented in the next section. A brief discussion of the
numerical method used for this analysis is then given. In the
discussion of the results, the heated side-wall problem results
are presented first. The isothermal emission problem is then
briefly discussed. A final set of results compares the colli-
mated and diffuse incidences from the top wall.

Radiative Transfer Equation
For problems involving collimated incidence, the actual in-
tensity (I,) is expressed as a sum of the diffuse scattered
intensity I, and the exponential decay through the medium

of the collimated intensity /. that is incident into the medium
through the top wall:

Ia(r’ Z, Q) = I(r’ Z, Q) + Ic CXp[“(TZH - Tz)]é(Qc - (E))
1

The z location at the top wall is specified as 7,,, and ( is the
direction of the radiative intensity. When only diffuse radia-
tion is incident, the actual intensity is equal to I, the diffuse
scattered intensity. The other variables are defined in the
Nomenclature.

The system geometry used in this study is shown in Fig. 1.
Gray, uniform properties media will be considered for all the
cases in this study. The r-z two-dimensional equation of ra-
diative transfer for the scattered intensity is given as>#7

1 ] n 0 J ' _
s T o) sifen e ses e

where ¢ = ¢, — ¢, is the difference in the azimuthal angles
shown in Fig. 1. The source function is written as follows:

S(r, z, Q) = (1 — &)[T(r, 2)]

w ‘. ’ ’
+ ETJ’%(D(Q s DI(r, z, Q') dQ
+ %T LO(Q,; Q) exp[— (12 — 7.)] 3)

where (), is the direction of collimated incidence, which must
be in line with the z axis for this two-dimensional analysis.

The scattering phase function in Eq. (3) is expressed by a
Legendre polynomial series as

D(Q'; Q) = B(cos ¢) = NZN C,P,(cos ¢) @

Figure 2 shows the four phase functions to be considered for
this study and also used by Kim and Lee'* who gave the
expansion coefficients. B1 and B2 are the backward-scattering
phase functions. F2 and F3 are the forward-scattering phase
functions. F3 is the forward-scattering equivalent of the back-
ward-scattering phase function B2 (only the sign of C, is
changed). The isotropic scattering phase function, which is
not shown in Fig. 2, is a horizontal line of magnitude of unity.
The asymmetry factors are 0.66972, 0.4, —0.18841, and —0.4
for the phase functions F2, F3, B, and B2, respectively.
The appropriate boundary conditions for the diffuse scat-
tered intensity are written for the diffusely emitting and re-
flecting walls. The bottom wall intensity also includes the
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Fig. 2 Phase function vs scattering angle.
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reflected component of the collimated incidence that reaches
the bottom wall. The symmetry boundary at r = 0 is treated
as a fictitious wall that is a perfect, specular reflector.

Equations (2) and (3) are solved with the boundary con-
ditions for the diffuse intensity in the cylindrical enclosure.
The actual intensity is obtained by applying Eq. (1). Once
the actual intensity field is obtained, the normalized radiative
fluxes Q,, Q,, and normalized average incidence intensity G,
are obtained as

gr.z) 1 j
(r,z) = —F— = — 1(r, z, Q) dQ S5a
0r.2) = 2 = o | w2 a0 o)

0.5 = BLD - L] gz 0yae (sb)

_glr,2) 1 J'
G(r, z) Tl Jin I(r,z,Q)dQ  (5¢)
where the normalization constant E,, is the maximum emis-
sive power for a diffuse incidence problem or the collimated
wall heat flux, |£]1, (£ = —1.0 for this study). I, is E, /o
for diffuse incidence problems and equal to I, for the colli-
mated incidence problem.

Numerical Method

The S-N discrete ordinates method solves the equation of
transfer by replacing the integral in the source function [Eq.
(3)] with a quadrature sum and finite differencing the spatial
derivatives in Eq. (2). The calculation domain is divided into
MR X MZ control volumes. M is the total number of direc-
tions in the hemisphere. Fully symmetric quadrature sets are
used in this study. Because no axis receives preferential treat-
ment, the quadrature sets are the same as those used in our
previous x-y solutions.!3-18

The discretized equation of transfer for an ordinate direc-
tion m is obtained as

/‘Lm(AeIc,m - AwIw.m) + fm(BnIn‘m - les,m)

— Q- 1/21p,m 12

o 1
n (Ae _ Aw) e+ 1/2 p,m+1/2w

m

+ BVpIp,m = vasm (6)

where

M

Sm = (1 - w)lb(Tp) + _(U_ 2 Ip m'®m’mwm'
47T m'=1 ’

w

+ 47T q)mc,mlc exp[ - (TZH - Tp)] (7)

is the control volume source function, and the parameters
with subscript p are calculated at the center of the control
volume. The w,, are the weights associated with each direc-
tion )'. The angular differencing coefficients a,,. ,, defined
by Carlson and Lathrop'? as flow terms from the “edges” or
“surfaces” of the directional cell are used to approximate the
angular intensity distribution. These coefficients are evaluated
from

Xpv12 = Cp1z = MW (8)
with the first «,,_,, taken as zero at each ¢ level. The sub-
scripts e, w, n, s in Eq. (6) refer to the compass directions
that indicate quantities at the boundaries of the p control
volume. @, ,, is the phase function between the direction Q,,.
and (), calculated based on Eq. (4). The direction of the
collimated incidence is noted by the subscript m,, i.e., u, =
0,7, =0,& = —1.

Equations (6) and (7) form a system of equations that has
more unknowns than the number of equations. Therefore,
the solution requires the weighted relationships of the cell
(control volume) and boundary averaged intensities. These
equations take the following form:

aal, ,, + (1 — aa)l,,, =1

p.m

for p <0 (9a)

bbi,,, + (1 — bb)l,,, = I, foré<0  (9b)

cclymirn + (1 = O pip = 1 (9¢)
Equation (9¢) holds for all the directions, while Eqs. (9a) and
(9b) need to be rewritten as the direction cosines change sign.

A scheme which guarantees positive values of the radiative
intensity is derived by Jendoubi* following the guidelines
given by Lathrop.?' The required expressions for u > 0 and
& > 0 are given as

HmA,,
1 — r = 10
= e B+ A, = Aayo o, + By, (10
1 e bb’ — gmBs (10b)

B 2“’17/46 + Z(Ae - Aw)arr1+1/2/wm + va

1 - ¢cc’ = (Ae V Aw)am>l/2/wm
© 2p,A, + 28,B, + BY,

with aa = max(aa’, 0.5); bb = max(bdb’, 0.5); and cc =
max(cc’, 0.5). Appropriate sign changes in directions must
be incorporated for different sweep directions.

The discretized equations also involve I,,.,,. The initial
I, ., for each £ level is set equal to the first I, ,, for each
control volume. Simple algebraic equations can then be writ-
ten for each sweep direction and used to build a numerical
code that solves for I, .. Iterative solutions are required since
the source term S, is itself a function of the volume average
intensity I, .. A convergence criterion of less than 0.0001%
change in the intensities is used. Additional information on
the quadrature set, the sweeping scheme, and other details
of the numerical technique can be found in Jendoubi.?

(10c)

Results and Discussions

Three kinds of problems are considered in this section;
1) diffuse incidence, 2) isothermal emission, and 3) normal
collimated incidence. The results are presented in terms of
normalized average incident radiation [(Eq. (5¢)] and nor-
malized net radiative heat fluxes [Eqs. (5a) and (5b)] at the
boundaries and at the midplane of the cylinder.

The aspect ratio, defined as a = H/R, is equal to 1.0 for
all the figures except for Figs. 3 and 4. The optical radius, 7,
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Fig. 3 Effect of the aspect ratio and scattering phase function on the
midspan —Q(r, H).
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Fig. 4 Effect of the aspect ratio and scattering phase function on the
midplane G(r, H).

= B X R, is equal to 1.0 in all the figures except for Fig. 7
where the 7 shown in the legend are 7. Wall emissivities are
all 1.0 for the solutions shown in these figures except for Fig.
12. Other emissivity values were tested and discussed in Jen-
doubi.? The different scattering albedo values considered are
indicated in the discussion for each figure. All the presented
results are computed using the S-14 approximation.

Side-Wall Diffuse Incidence

For all the figures presented in this section, the side wall
(wall 2) is hot (E, = positive constant), and all other walls
and the medium are cold. All walls are black. The effect of
the aspect ratio and the scattering phase function are illus-
trated in Figs. 3 and 4. The midspan — Q,(r, H) is shown in
Fig. 3, and G(r, H) is shown in Fig. 4 for a pure scattering
medium with w = 1. There is no absorption or emission for
such a medium.

The heat flux distributions in Fig. 3 show that the forward-
scattering phase function F2 transfers the most amount of net
energy from the hot side wall (#/R = 1) into the cold medium
for all aspect ratios considered. The backward scattering phase
function B1 transfers the least amount of energy, with the
isotropic scattering phase function results serving as idealized
reference values.

All the cases shown in Fig. 3 assume a unity normalized
flux incidence at the hot wall that is directed toward the cen-
terline. The net radiative heat flux is then determined by
subtracting the amount of radiation directed back toward the
hot wall from the opposite parts of the hot wall and from
scattering in the medium. The net heat flux values are the
highest for the lowest aspect ratio case with the shortest hot
side wall length, because there is then the smallest flux di-
rected back toward the hot wall at the midplane. As the aspect
ratio increases, more energy is transferred back toward the
hot wall, and the symmetry of this pure scattering problem
forces the net heat flux toward zero in the one-dimensional
limit of infinite aspect ratio. The solutions for an aspect ratio
of 5 already show nearly the one-dimensional limit.

Figure 4 shows the midplane average incident radiations
for the identical cases as shown in Fig. 3. As the aspect ratio
is increased by increasing the height of the cylinder while
keeping the radius constant, the average incident radiation
increases toward the exact one-dimensional result of unity for
this pure scattering medium. This increase is due to the ad-
ditional energy coming from the extra length of the hot wall
with the increase in the aspect ratio. Figure 4 shows a signif-
icant change of the average incident radiation as the aspect
ratio changes from 0.5 to 1.0 to 2. The average incident ra-
diation changes slowly with a further increase in the aspect
ratio beyond 2. Beyond an aspect ratio of about 5, no more
energy will be sensed at the midplane of the cylinder, even

if the height is increased. The problem therefore becomes
one-dimensional.

Figure 4 also shows that for any phase function the average
level of radiative intensity decreases toward the centerline
due to the lack of intensity contributions from the cold end-
walls. Since uniform, unity normalized-intensity irradiation
form the hot wall into the medium is assumed, the level of
G(r, H) near the hot wall is determined by the amount of
intensity directed back toward the hot wall. For all aspect
ratios considered, G(r, H) are higher near the hot side-wall
with the backward scattering phase function B1 because it
tends to scatter back more energy toward the heated wall.
This trend of the B1 phase function showing the highest av-
erage level of intensity continues throughout the midplane
for all aspect ratios greater than 0.5. For the aspect ratio of
0.5, the backscattering effect is diminished toward the cen-
terline of the medium due to the small optical thickness in
the z direction. Away from the hot wall region, the back-
scattering effect is smaller than the effect of forward scattering
phase function F2 in increasing the transmitted intensities
from the hot sidewall toward the centerline.

For w = 1, Fig. 5 shows the net radial heat flux plotted
along the side wall for all five phase functions considered for
this study. The figure shows that far away from the end walls
the forward-scattering phase functions give larger heat fluxes
than the backward-scattering phase functions. The differences
in the results are small at the ends of the cylinder.

In Fig. 6, the end-wall normalized net axial radiative heat
flux Q, is plotted vs /R for @ = 1. The net heat flux is leaving
the medium and gained by the end walls. O, is therefore
positive at the top wall and negative at the bottom wall, but
they are equal in magnitude due to the symmetry of the prob-
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lem. Because the forward-scattering phase functions tend to
scatter more energy in the forward direction away from the
source of energy at the side wall, the higher heat fluxes de-
livered to the end walls are given by F2 and F3. The lower
heat fluxes are given by the backward-scattering phase func-
tions B1 and B2.

The effect of the optical thickness is shown in Fig. 7 for the
forward-scattering phase function F3 and an absorbing me-
dium with @ = 0.5. The net heat flux leaving the hot side
wall and being absorbed by the medium is plotted vs z/2H.
As the optical thickness increases for ¢ = 1, more medium
will be enclosed by the cylinder. Therefore, more energy will
be supplied by the hot wall and absorbed by the cold medium
for larger optical thicknesses.

Isothermal Medium Emission

The walls of the cylinder are cold and black for this case.
The isothermal gray medium is hot, and it absorbs, emits,
and anisotropically scatters the radiative energy.

The lack of importance of the phase function anisotropy
for this problem is illustrated by using the phase functions
F2, F3, isotropic, B1, and B2. In Fig. 8§ the average incident
radiation is plotted as a function of z/2H along the side wall.
This figure with an expanded scale shows that at the midplane
(z/2H = 0.5) the differences in the average incident radiation
given by the different phase functions are very small. Near
the end walls, the forward-scattering phase functions give
slightly higher average incident radiation because they scatter
more energy toward the end walls. The phase function effects
are unimportant, because the medium emission is isotropic.
If the scattering albedo is high enough to show phase function
effects (0 = 0.8 for Fig. 8), the emission is very small.

0.8

0.6

I oy

Figure 9 illustrates the important effect of the scattering
albedo on the side wall, normalized average incident radiation
G(R, z) for the phase function F2. The figure shows the
decrease in the average incident radiation as the scattering
albedo increases, as well as the symmetry about the location
z/2H = 0.5. As the scattering albedo increases, less energy
will be emitted by the medium and be available for trans-
mission to the side wall. Although not shown, the net radial
radiative heat flux also decreases as the scattering albedo
increases because of the decrease in the medium emission.

Top Wall Collimated vs Diffuse Incidence

The comparison between the collimated incidence and dif-
fuse incidence results are considered in this section. Either a
normal collimated incidence through a transparent top wall
or a top-wall diffuse incidence is considered. All other walls
and the gray medium are cold. All walls are nonreflecting
with respect to the radiation inside the enclosure. Only the
bottom wall is allowed to reflect radiation to show the emis-
sivity effect in Fig. 12.

The z component of the normalized net heat flux at the
bottom wall is plotted vs #/R in Fig. 10 for both diffuse and
collimated incidence (0 = 1.0). —Q.(r, 0) is shown in the
figure because the energy from the top wall is going through
the medium and gained by the bottom wall. The curves start
at high values at the center of the cylinder and decay as r
increases due to the loss of energy to the cold side wall. The
figure shows that the forward-scattering phase functions trans-
mit more energy to the bottom wall. The radiation given by
the diffuse incidence is smaller than that given by the colli-
mated incidence. This is because for the diffuse incidence,
most of the radiation leaving the top wall is at different angles
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from the downward, or — z direction and will be absorbed by
the side wall before reaching the bottom wall.

The side-wall normalized net heat flux is plotted as function
of z/2H in Fig. 11 for o = 1.0. For the diffuse incidence case,
the highest net heat flux gained by the side wall is given by
the backward-scattering phase function B2 near the top wall.
In contrast, the forward-scattering function F2 gives the larg-
est net heat flux to the side wall far away from the top wall.
The results for the collimated incidence case are quite dif-
ferent from those of the diffuse incidence case. The figure
shows that for all the phase functions, the heat fluxes at the
bottom (z/2H = 0.0) increase toward the top wall where the
collimated incidence occurs. After reaching maximum values,
the fluxes start to decrease near the top wall. The position
where the maximum heat flux occurs is closer to the bottom
wall as the asymmetry factor increases, or the phase function
becomes more peaked in the forward direction. This is be-
cause the radiation leaving the top wall has to travel a certain
distance depending on the phase function before it can be
scattered to the side wall. For the highly forward-scattering
phase functions the minimum radial heat flux occurs at z/2H
= 1.0. For the backward-scattering phase functions the min-
imum values occur at z/2H = 0. The maximum heat flux is
given by the isotropic scattering phase function, because it
scatters the energy equally in all directions.

The effect of the wall emissivity on the normalized net
radiative heat flux Q, is shown in Fig. 12 for w = 0.7 and
isotropic scattering medium. For this figure, the side wall is
black and cold (E, = 0.). Only the bottom wall (wall 4) is
gray and cold, and it diffusely reflects the radiative energy
(E, = 0, &, = €). The net radial heat flux Q, at the side wall
is plotted as a function of z/2H. The energy transmitted through
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the medium and absorbed by the side wall increases slightly
as the emissivity decreases because of the increase in the
reflected energy from the bottom wall. This increase in heat
flux is more pronounced near the bottom wall than near the
top wall. For the collimated incidence case, the high emissivity
curve of Q, vs z/2H has only one peak near the top of the
cylinder. The low emissivity curves have two peaks, one at
the bottom wall and the other near the top wall.

Conclusions

The S-N discrete ordinates method is used to solve the
radiative transfer equation in two-dimensional cylindrical co-
ordinates. The walls are gray and diffusely emit and reflect
the radiative energy. The participating medium is gray, and
it absorbs, emits, and anisotropically scatters the radiative
energy. The anisotropic phase functions are expanded into
finite series of Legendre polynomials.

For symmetric problems, the intensity levels are more sen-
sitive to the order of the S-N discrete ordinates method than
the flux solutions. For problems with highly anisotropic scat-
tering medium, a higher order S-N approximation is needed
which does require more computation effort. For a typical
case (w = 1.0, 7 = 1, a = 1, F2 phase function, side-wall
diffuse incidence), approximately 40 s of Cray X-MP cpu time
is required for a S-14 solution vs the approximately 6 s re-
quired for an S-6 solution.

The phase function anisotropy is found to have a significant
effect on the average incident radiation and heat flux, for
both diffuse and collimated incidences. For isothermal emis-
sion problems, however, the phase function has a very small
effect on both radiative quantities. In general, the backward-
scattering phase functions scatter back more energy toward
the source of energy than the forward-scattering phase func-
tions which tend to scatter energy away from the energy source.
The scattering albedo and optical thickness have significant
effects on the radiative transfer for all the cases studied. The
bottom reflecting wall has almost no effect for the top wall
diffuse incidence problem and is only significant near the
bottom wall for the case of collimated top-wall incidence.
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